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Abstract The paper aims to establish diverse types of the soliton solutions for the integrable Kuralay equations to discuss the
integrable motion of the induced space curves by these equations. The solitons arising from the integrable Kuralay equations are
considered by tall superiority and qualitative studies for many effective phenomena in various fields such as ferromagnetic materials,
nonlinear optics and optical fibers. There are two various schemes are suggested to establish these diverse types of solitons that
arise from this model, namely the extended simple equation method and the Paul-Painleve approach method. New diverse types of
the soliton solutions that appear in forms of periodic trigonometric function soliton solutions, parabolic function soliton solutions,
singular soliton solutions, W-like soliton solutions and M-like soliton solutions have been documented. The suggested techniques
are used for the first time for this target. The achieved soliton solutions will offer a rich podium to study the nonlinear spin dynamics
in magnetic materials. Moreover, we will construct the numerical solutions for all achieved soliton solutions by using the differential
transform methods. The comparison between the new achieved soliton solutions with its consistent numerical solutions has been
documented.

Abbreviations

IKE Integrable Kuralay Equation
ESEM Extended Simple Equation Method
PPAM Paul-Painleve Approach Method
DTM Differential Transform Methods

1 Introduction

We will focus on the integrable soliton equations that are the most significant class of NLPDE have remarkable applications to
many applied mathematics and physical systems, such as fluid mechanics, nonlinear optics, plasma physics, hydrodynamics, field
theory, etc. The nonlinear integrable system that has an extremely vital mission in contemporary mathematical physics applications
is characterized by numerous types: solitons, Lax pairs, Painleve tests, etc. Recently, numerous influential mathematical techniques
such as the inverse scattering transform, the Hirota bilinear, the Bell polynomial approximate, the Darboux transformation, Painleve
analysis and so on are proposed to extract the exact traveling wave solutions of the integrable nonlinear equations. In the other hand,
there are other mathematical methods that are recently discovered to extract the exact traveling wave solutions for NLPDE, some
of them surrender to the balance rule as the (G′/G)-expansion method [1–4], the extended simple equation method (ESEM) [5–7],
the extended direct algebraic method (EDAM) [8–10], the modified extended mapping method (MEMM) [11], the Paul-Painleve
approach method [12–15], the modified extended tanh function method [16, 17], the modified simple equation method [18, 19],
while there exist only two methods that don’t surrender to the balance rule, namely the solitary wave ansatz method [20, 21] and
the Riccati-Bernoulli-Sub OD method [22–24]. There are many trials to study the soliton solutions for various nonlinear problems
arising in different branches of science have been demonstrated through [25–40]. Our study specially will focus on the (1 + 1) and (2
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+ 1) Heisenberg ferromagnetic-type dimensions’ equations that are representing the integrable spin systems. The (2 + 1) Heisenberg
ferromagnetic-type has been studied before [41–43]. Moreover, some important studies for the soliton in this field have been studied,
see for example Seadawy, et al. [44] who applied the extended direct algebraic method to the Zakharov–Kuznetsov equation to find
the electric field potential, electric field and magnetic field in the form of traveling wave solutions, Seadawy, et al. [45] who
introduced, analyzed recently the new three-dimensional modified Benjamin-Bona-Mahony equations with the introduction of the
spatial and temporal fractional order derivatives using conformable fractional derivative and constructed various solutions including
hyperbolic and periodic function solutions by using simple ansatzs with the aid of the Wolfram Mathematica software, Seadawy,
et al. [46] who computed the conservation laws of Chen–Lee–Liu equation with the help of scaling invariance technique, used Euler
and Homotopy operators for the evaluation of conserved densities and fluxes and obtained domain walls, solitary wave and elliptic
wave solutions with the help of Unified method, Seadawy, et al. [47] who studied weakly nonlinear wave propagation theory in the
occurrence of magnetic fields in fluids, constructed the soliton and other kinds solutions of (2 + 1)-dimensional elliptic nonlinear
Schrödinger equation by using the modified and extended rational expansion method and obtained different kinds of wave solutions
such as bright-dark solitons, solitons of Kink and anti-Kink, solitary waves, periodic solutions and elliptic function solutions of
this equation, Jhangeer, et al. [48] who obtained diverse range of traveling wave structures of perturbed Fokas–Lenells model by
using the extended (G ′/G2)-expansion technique and used the Runge–Kutta fourth-order technique to extract the nonlinear periodic
solutions of the considered problem, Iqbal, et al. [49] who used the auxiliary equation mapping method and direct algebraic method
to drive new exact and solitary wave solutions in the form of trigonometric function, periodic solitary wave, rational function and
elliptic function, hyperbolic function, bright and dark solitons solutions for the nonlinear longitudinal wave equation which involves
mathematical physics with dispersal produced by the phenomena of transverse Poisson’s effect in a magneto-electro-elastic circular
rod and Wang, et al. [50] who used the two-variable (G′/G,1/G)-expansion approach to a new coupled KdV and Z-K system, which
has various significant applications in different fields of applied sciences and constructed different forms of analytical solutions
of the new coupled KdV system and the new coupled system, such as solitons, multi-peak solitons, solitary waves, trigonometric,
hyperbolic and rational functions and other wave solutions. In the same connection, there are recent works for studying various
fractional nonlinear problems arising in various branches of science, see for example, Nasreen, et al. [51] who investigated the
dynamics of optical waves to the generalized coupled nonlinear fractional Helmholtz equation with quantic and cubic nonlinear
effects and extracted different types of the solutions like bright, dark, singular and mixed type solitons by applying advanced
integration methods, namely modified Sardar sub-equation method and new Kudryashov method, Younas, et al. [52] who used
the modified generalized Riccati equation mapping method and the generalized exponential rational function method approach to
study the comparative exact solutions of the Kairat-II equation that describing the physical behaviors of nonlinear systems and has
numerous applications in the fields of plasma physics, optical communications, differential geometry engineering, oceanography and
physics, Muhammad, et al. [53] who used the generalized Arnous method and multivariate generalized exponential rational integral
function approach to explore the soliton wave dynamics of the fractional three-component coupled nonlinear Schrödinger equation
that describing the behavior of optical pulses in optical fibers, Nasreen, et al. [54] who used the new extended direct algebraic
method to obtain the bright, dark, combo and singular soliton solutions to the higher order nonlinear Schrödinger equation with the
effect of group velocity dispersion, second-order spatiotemporal dispersion and cubic nonlinearity that describing the optical pulses
propagation in different forms in the nonlinear optical fiber and Younas, et al. [55] who utilized the new extended direct algebraic
approach to derive various forms including bright, dark and combo solitons to the third-order nonlinear fractional Westervelt model
that is advantageous in the examination of sound wave propagation and high amplitude phenomena in the fields of medical imaging
and therapy.

The integral equations are important in many applications. Problems in which integral equations are encountered include radiate
transfer and the oscillation of a string, membrane or axle. The most obvious advantage of methods based on integral equations arises
for problems involving constant coefficient differential operators (i.e., physical properties such as conductivity or wave speed remain
constant throughout the domains) without nobody loads. The integrable Kuralay equation is one of the famous integral equations
in physics that related with many integrable spin systems. The integrable Kuralay equation that related with many integrable spin
systems can be proposed according to [56–61] as

i Ht − Hxt − vH � 0,

i Rt + Rxt + vR � 0,

vx + 2d2(RH )t � 0.

(1)

where H (x , t) is complex function whose complex conjugate is H (x , t), , while v(x , t) is a potential real function, x , t are the
independent spatial and temporal variables.

In soliton theory, the gauge and geometrical equivalence play a fundamental role. There are two versions of the integrable Kuralay
equation (K-IIE) which are (K-IIAE) AND (K-IIBE).

Let d � 1, R � εH where ε � ±1 then the above system will be converted to

i Ht − Hxt − vH � 0,

vx − 2ε(|H |2)t � 0
(2)
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Now, let us introduce the transformation

H (x , t) � U (ζ )ei (kx+wt+η), ζ � mx + ct (3)

Hence,

Ht � (cU ′ + iwU )ei(kx+wt+η) (4)

Hx � (mU ′ + ikU )ei(kx+wt+η) (5)

Hxt � (cmU ′′ + iwmU ′ + ickU ′ − kwU )ei(kx+wt+η) (6)

According to the above relations (3–6), the system Eq. (2) becomes

i
(
cU ′ + iwU

)− (
cmU ′′ + iwmU ′ + ickU ′ − kwU

)− vU � 0,

mv′ − 4εcU ′ � 0
(7)

By integrating the second part of Eq. (7), we get

v � 2εcU 2

m
− c1

m
(8)

By inserting Eq. (8) in the first part of Eq. (7), we obtain

i
(
cU ′ + iwU

)− (
cmU ′′ + iwmU ′ + ickU ′ − kwU

)−
(

2εcU 2

m
− n

)
U � 0. (9)

Equation (9) implies the following real and imaginary parts

U ′′ +
(w(1 − k) − n)

cm
U +

2εU 3

m2 � 0 (10)

(c − wm − ck)U ′ � 0 (11)

The imaginary part Eq. (11) implies that

m � c(k − 1)

w
(12)

By inserting Eq. (12) into Eq. (10), we get

U ′′ +
w(w(1 − k) − n)

c2(k − 1)
U +

2w2εU 3

c2(k − 1)2 � 0 (13)

Now our main aim is extracting new forms of the traveling wave solutions of Eq. (13) in the framework of two distinguished and
effective of the ansatz techniques which are the extended simple equation method, the Paul-Painleve Approach Method. Moreover,
to ensure the validity of the obtained soliton solutions and prove the consistency, we apply the efficient DTM-numerical method
to derive the identical numerical solutions for all achieved soliton solutions. To implement the suggested techniques, we apply the
homogeneous balance theory between U ′′, U 3 to get N + 2 � 3N ⇒ N � 1.

This research is prepared as follow; in first section, the introduction is considered, in the second section, the extended simple
equation method (ESEM) and its applications to extract other perceptions to the traveling wave solutions of this model, in the third
section, the Paul-Painleve approach method (PPAM) and its applications to extract other types of the traveling wave solutions to this
model, in the fourth section, the differential transform method and its applications to derive the numerical solutions for the achieved
soliton solutions and in the 6th section, the conclusion is presented.

2 The ESEM

To discuss this technique, let us overview the nonlinear partial differential equation form that can be introduced as

Q(U ,Ux ,Ut ,Uxx ,Utt , ...) � 0 (14)

where Q is a function of ϕ, its highest order partial derivatives and the nonlinear terms. When Eq. (14) surrenders to the transformation
U (x , t) � U (ζ ), ζ � mx + ct it will be converted to the following ODE:

ϒ
(
U ,U ′,U ′′, . . .

) � 0. (15)
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where ϒ in terms of U (ζ ) and total derivatives with respect to ζ , the suggested solution of Eq. (13) according to the ESEM is:

U (ζ ) �
N∑

i�−N

Aih
i (ζ ) (16)

where h(ζ ) appearing in Eq. (16) can be determined from the relation

h′(ζ ) � a0 + a1h + a2h
2 + a3h

3 (17)

While the integer N � 1 is previously determined.
That ESEM proposes these two families of solutions:

1. If a1 � a3 � 0, then Eq. (17) represents the Riccati equation from which we get these solutions

h(ζ ) �
√
a0a2

a2
tan(

√
a0a2(ζ + ζ0), a0a2 � 0 (18)

h(ζ ) �
√−a0a2

a2
tanh(

√−a0a2ζ − μ ln ζ0

2
), a0a2 ≺ 0, ζ � 0, μ � ±1 (19)

2. If a0 � a3 � 0, then Eq. (17) represents the Bernoulli equation from which we get these solutions

h(ζ ) � a1Exp[a1(ζ + ζ0)]

1 − a2Exp[a1(ζ + ζ0)]
, a1 � 0 (20)

h(ζ ) � −a1Exp[a1(ζ + ζ0)]

1 + a2Exp[a1(ζ + ζ0)]
, a1 ≺ 0 (21)

and the general solutions to Eq. (17) are:

h(ζ ) � − 1

a2

⎛

⎝a1 −
√

4a1a2 − a2
1 tan

⎛

⎝

√
4a1a2 − a2

1

2
(ζ + ζ0)

⎞

⎠

⎞

⎠, 4a1a2 � a2
1 , a2 � 0 (22)

h(ζ ) � 1

a2

⎛

⎝a1 +
√

4a1a2 − a2
1 tanh

⎛

⎝

√
4a1a2 − a2

1

2
(ζ + ζ0)

⎞

⎠

⎞

⎠, 4a1a2 � a2
1 , a2 ≺ 0 (23)

where ζ0 is integration constancy.

I. The solution according to the first family is:

U (ζ ) � A−1

h
+ A0 + A1h (24)

U ′ � −a0A−1

h2 + A1a0 + A1a2h
2 − a2A−1 (25)

U ′′ � 2a2
0 A−1

h3 +
2a0a2A−1

h
+ 2A1a0a2h + 2A1a

2
2h

3 (26)

Via inserting the relations (52–54) into the suggested model Eq. (13), equating the coefficients of various powers of hi to zero,
this implies a system of equations whose solution is:

A0 � A1 � 0, A−1 � −ic(k − 1)a0

w
√

ε
, a2 � w(n + kw − w)

2c2(k − 1)a0
(27)

A0 � A1 � 0, A−1 � ic(k − 1)a0

w
√

ε
, a2 � w(n + kw − w)

2c2(k − 1)a0
(28)

A0 � A−1 � 0, A1 � −ic(k − 1)a2

w
√

ε
, a0 � w(n + kw − w)

2c2(k − 1)a2
(29)

A0 � A−1 � 0, A1 � ic(k − 1)a2

w
√

ε
, a0 � w(n + kw − w)

2c2(k − 1)a2
(30)

A0 � 0, A−1 � −ic(k − 1)a0

w
√

ε
, a2 � −w(n + kw − w)

4c2(k − 1)a0
,

A1 � 1

ca0
√

ε

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

3in2 − 3ikn2 − 6inw + 12iknw − 6ik2nw+

3iw2 − 9ikw2 + 9ik2w2 − 3ik3w2

12n − 12kn − 8w + 24wk − 4w − 12wk2

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(31)
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A0 � 0, A−1 � ic(k − 1)a0

w
√

ε
, a2 � −w(n + kw − w)

4c2(k − 1)a0
,

A1 � −1

ca0
√

ε

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

3in2 − 3ikn2 − 6inw + 12iknw − 6ik2nw+

3iw2 − 9ikw2 + 9ik2w2 − 3ik3w2

12n − 12kn − 8w + 24wk − 4w − 12wk2

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(32)

A0 � 0, A−1 � −ic(k − 1)a0

w
√

ε
, a2 � w(n + kw − w)

4c2(k − 1)a0
,

A1 � 1

ca0
√

ε

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

3in2 − 3ikn2 − 6inw + 12iknw − 6ik2nw+

3iw2 − 9ikw2 + 9ik2w2 − 3ik3w2

12n − 12kn − 8w + 24wk − 4w − 12wk2

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(33)

A0 � 0, A−1 � ic(k − 1)a0

w
√

ε
, a2 � w(n + kw − w)

4c2(k − 1)a0
,

A1 � −1

ca0
√

ε

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

3in2 − 3ikn2 − 6inw + 12iknw − 6ik2nw+

3iw2 − 9ikw2 + 9ik2w2 − 3ik3w2

12n − 12kn − 8w + 24wk − 4w − 12wk2

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(34)

These 8th–various results will generate 8th–various solutions, for similarity, we will construct the solutions of the first and fifth
results only.

1. For the first result which is:

A0 � A1 � 0, A−1 � −ic(k − 1)a0

w
√

ε
, a2 � w(n + kw − w)

2c2(k − 1)a0

This result can be simplified to be

A0 � A1 � 0, A−1 � 1, a0 � a2 � −1 (35)

Thus, the solution according to this result and the suggested method is (Figs. 1, 2, 3):

U (ζ ) � A−1

h
+ A0 + A1h (36)

where h(ζ ) � − tan(−x − t − 1)

U (ζ ) � − cot(x + t + 1) (37)

v(ζ ) � 2(cot[x + t + 1])2 − 1 (38)

A0 � A1 � 0, A−1 � 1, a0 � a2 � −1, k � 2, c � m � n � w � 1, ε � −1.
A0 � A1 � 0, A−1 � 1, a0 � a2 � −1, k � 2, c � m � n � w � 1, ε � −1.

2. For the fifth result which is:

A0 � 0, A−1 � −ic(k − 1)a0

w
√

ε
, a2 � −w(n + kw − w)

4c2(k − 1)a0
,

A1 � 1

ca0
√

ε

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

3in2 − 3ikn2 − 6inw + 12iknw − 6ik2nw+

3iw2 − 9ikw2 + 9ik2w2 − 3ik3w2

12n − 12kn − 8w + 24wk − 4w − 12wk2

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

This result can be simplified to be

A0 � 0, A−1 � 1, a0 � −1, a2 � 0.5, A1 � −0.5, ε � −1, n � w � m � c � 1, k � 2 (39)

Thus, the solution in the framework of these values is (Figs. 4, 5):

U (ζ ) � A−1

h
+ A0 + A1h
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Fig. 1 The graph of U (x , t) Eq. (37) in 2D and 3D with values

Fig. 2 The graph of v(x , t) Eq. (38) in 2D and 3D with values

Fig. 3 The graph of U (x , t) Eq. (40) in 2D and 3D with values

123
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Fig. 4 The graph of v(x , t) Eq. (41) in 2D and 3D with values

Fig. 5 The graph of U (x , t) Eq. (48) in 2D and 3D with values

where h(ζ ) � 1.4 tanh(0.7x + 0.7t + 0.3)

U (ζ ) � 0.7 coth(0.7x + 0.7t + 0.3) − 0.7 tanh(0.7x + 0.7t + 0.3) (40)

v(ζ ) � −2 ∗ (0.7 coth[0.7x + 0.7t + 0.3] − 0.7 tanh[0.7x + 0.7t + 0.3])2 − 1 (41)

A0 � 0, A−1 � 1, a0 � −1, a2 � 0.5, A1 � −0.5, ε � −1, n � w � m � c � 1, k � 2, ζ0 � 2, μ � −1.
A0 � 0, A−1 � 1, a0 � −1, a2 � 0.5, A1 � −0.5, ε � −1, n � w � m � c � 1, k � 2, ζ0 � 2, μ � −1.
By the same manner, we can design the other solutions.

II The solution according to the second family can be obtained as follow

U ′ � A1a2h
2 + a1A1h − A−1a1

h
− A−1a2 (42)

U ′′ � 2A1a
2
2h

3 + 3A1a1a2h
2 + A1a

2
1h + A−1a1a2 +

a2
1 A−1

h
(43)

Via inserting the relations (36) and (42–43) into the Eq. (13), equating the coefficients of various powers of hi to zero, this
implies a system of equations from which we get these results

A−1 � 0, A0 � ic(k − 1)a1

2w
√

ε
, A1 � ic(k − 1)a2

w
√

ε
, n � −(k − 1)(2w2 + c2a2

1)

2w
(44)

A−1 � 0, A0 � −ic(k − 1)a1

2w
√

ε
, A1 � −ic(k − 1)a2

w
√

ε
, n � −(k − 1)(2w2 + c2a2

1)

2w
(45)

These two various results will generate two various solutions from which we will construct the first one, which is

123
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Fig. 6 The graph of v(x , t) Eq. (49) in 2D and 3D with values

A−1 � 0, A0 � ic(k − 1)a1

2w
√

ε
, A1 � ic(k − 1)a2

w
√

ε
, n � −(k − 1)(2w2 + c2a2

1)

2w

This result can be simplified to be (Figs. 5, 6)

A−1 � 0, A0 � A1 � 1, k � 2, w � c � 1, ε � −1, a1 � 2, a2 � 1, n � −3 (46)

Thus, the solution is U (ζ ) � A−1
h + A0 + A1h.

where h(ζ ) � 2Exp[2(ζ+ζ0)]
1−Exp[2(ζ+ζ0)]

U (ζ ) � 1 +
2Exp[2(ζ + ζ0)]

1 − Exp[2(ζ + ζ0)]
(47)

U (ζ ) � 1 + Exp[2(ζ + ζ0)]

1 − Exp[2(ζ + ζ0)]
(48)

v(ζ ) � −2

(
1 + Exp[2(ζ + ζ0)]

1 − Exp[2(ζ + ζ0)]

)2

+ 3 (49)

A−1 � 0, A0 � A1 � 1, k � 2, w � c � 1, ε � −1, a1 � 2, a2 � 1, n � −3.
A−1 � 0, A0 � A1 � 1, k � 2, w � c � 1, ε � −1, a1 � 2, a2 � 1, n � −3.
By the same manner, we can design the other solutions.

3 The PPAM

The PPAM introduces the solution for Eq. (13) whose balance is N � 1 in the form

U (ζ ) � A0 + A1W (χ), χ � R(ζ ) � D − e−Nζ

N
(50)

where W (χ) in Eq. (50) fulfills Riccati equation in the form WX − AW 2 � 0 whose solution is:

W (χ) � 1

Aχ + χ0
, χ � R(ζ ) � D − e−Nζ

N
(51)

Via simple calculations for Eq. (50) we get

U ′ � −N A1e
−NζW − AA1e

−2NζW 2 (52)

U ′′ � N 2A1e
−NζW + 3AA1Ne−2NζW 2 + 2A2A1e

−3NζW 3 (53)

By introducing U ′′, U into Eq. (13) and equating the coefficients of various powers of WiNe−i Nζ to zero, this implies a system
of equations from which the following results must be detected

A0 � −√
k − 1

√
n + (k − 1)w√
2wε

, A � A1
√

wε
√−w(n + (k − 1)w

c(k − 1)
√
n + (k − 1)w

, N � −√
2
√−w(n + (k − 1)w

c
√
k − 1

(54)

123
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Fig. 7 The graph design of ReU Eq. (60) in 2D and 3D with values

Fig. 8 The graph design of ImU Eq. (61) in 2D and 3D with values

A0 �
√
k − 1

√
n + (k − 1)w√
2wε

, A � A1w
√

wε
√
n + (k − 1)w

c(k − 1)
√−w(n + (k − 1)w)

, N � −√
2
√−w(n + (k − 1)w

c
√
k − 1

(55)

A0 � −√
k − 1

√
n + (k − 1)w√
2wε

, A � A1w
√

wε
√
n + (k − 1)w

c(k − 1)
√−w(n + (k − 1)w)

, N �
√

2
√−w(n + (k − 1)w

c
√
k − 1

(56)

A0 �
√
k − 1

√
n + (k − 1)w√
2wε

, A � A1
√

wε
√−w(n + (k − 1)w

c(k − 1)
√
n + (k − 1)w

, N �
√

2
√−w(n + (k − 1)w

c
√
k − 1

(57)

Let us take the last result which is:

A0 �
√
k − 1

√
n + (k − 1)w√
2wε

, A � A1
√

wε
√−w(n + (k − 1)w

c(k − 1)
√
n + (k − 1)w

, N �
√

2
√−w(n + (k − 1)w

c
√
k − 1

That can be simplified to be (Figs. 7, 8, 9, 10)

A0 � A1 � 1, A � i , N � 2i , ε � c � w � n � D � χ0 � 1 (58)

And implement the corresponding solution to be in the form

U (ζ ) � 1 +
e−2iζ

i
(

1 − e−2iζ

2i

)
+ 1

(59)
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Fig. 9 The graph design of Rev Eq. (63) in 2D and 3D with values

Fig. 10 The graph design of Imv Eq. (64) in 2D and 3D with values

ReU (ζ ) � 7

9 + 4 cos 2ζ + 4 sin 2ζ
(60)

ImU (ζ ) � 4 cos 2ζ − 4 sin 2ζ

9 + 4 cos 2ζ + 4 sin 2ζ
(61)

v(x , t) � −2

{
7

9 + 4 cos 2ζ + 4 sin 2ζ
+ i

4 cos 2ζ − 4 sin 2ζ

9 + 4 cos 2ζ + 4 sin 2ζ

}2

− 1 (62)

Re v(x , t) � −2

((
7

9 + 4 cos 2ζ + 4 sin 2ζ

)2

−
(

4 cos 2ζ − 4 sin 2ζ

9 + 4 cos 2ζ + 4 sin 2ζ

)2
)

− 1 (63)

Im v(x , t) � −28(4 cos 2ζ − 4 sin 2ζ )

(9 + 4 cos 2ζ + 4 sin 2ζ )2 (64)

A0 � A1 � 1, A � i , N � 2i , ε � c � w � n � D � χ0 � 1.
A0 � A1 � 1, A � i , N � 2i , ε � c � w � n � D � χ0 � 1.
A0 � A1 � 1, A � i , N � 2i , ε � c � w � n � D � χ0 � 1.
A0 � A1 � 1, A � i , N � 2i , ε � c � w � n � D � χ0 � 1.
We can easily implement the plot of other solutions.
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4 The numerical remediation using differential transform method (DTM)

In almost nonlinear problems in chemistry, physics and engineering, it is usually hard to solve analytically, and exact solutions are
rather difficult to be obtained. So, in this case, the semi-analytical and numerical methods become impressive alternative approach.
The differential transform method (DTM) has been proved to be efficient for handling nonlinear problems [62–65]. The idea of
differential transform was first introduced by Zhou [66] who used it to solve linear and nonlinear initial value problems in electric
circuit analysis. The differential transform of the kth derivative of function y(x) is defined as

Y (k) � 1

k!

[
dk y(x)

dxk

]
(65)

where Y (k) is the transformed function, and y(x) is the original function. Differential inverse transform of Y (k) is defined as

y(x) �
∞∑

k�0

Y (k)xk ≈ yN (x) �
N∑

k�0

Y (k)xk (66)

By substituting Eq. (66) in (65), we get

y(x) �
∞∑

k�0

xk

k!

dk y(x)

dxk

∣
∣
∣
∣∣
x�0

(67)

In the previous definition, we consider the case when x � 0, but it is true for any fixed real number x � x0. The main theorems
that can be derived from Eqs. (65) and (67) can be obtained from [67–69].

4.1 DTM solution corresponding to the achieved solutions by using the first family of ESEM

In this section, we introduce the numerical treatment to construct the wave solutions of Eq. (13), according to the first family of the
ESEM and the values

k � 2, c � m � n � w � 1, ε � −1

Equation (13) becomes

U ′′ − 2U − 2U 3 � 0, (68)

From Eq. (37), the exact solution of Eq. (68) and the initial conditions are:

U (ζ ) � − cot(ζ + 1), ζ � x + t ,U (0) � − cot(1),U ′(0) � csc2(1)
(69)

Applying the differential transform method on the system (68–69), we get on

(k + 1)(k + 2)Y (k + 2) − 2Y (k) − 2F(k) � 0, (70)

where Y (k) is the transformed function corresponding to the original functionU (ξ), , and F(k) is the transformation for the nonlinear
term U 3 which given from

F(k) �
{

(Y (0))3; i f k � 0
1

Y (0)

∑k
r�1 Y (r)F(k − r); i f k ≥ 1

, (71)

From Eq. (70), we get on the recurrence relation as

Y (k + 2) � 2Y (k) + 2F(k)

(k + 1)(k + 2)
; Y (0) � U (0) � −cot(1), Y (1) � U ′(0) � csc2(1) (72)

Putting k � 0, in Eq. (72), we get on

Y (2) � 2Y (0) + 2F(0)

(1)(2)
� −0.906816

By the same way, we can get on the coefficients Y (k) as

Y (2) � −0.906816, Y (3) � 1.05302,

Then, the DTM solution of Eq. (68) with the initial conditions (69) is
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U (ζ ) �
∞∑

k�0

Y (k)ζ k ⇒ UN (ζ ) ∼�
N∑

k�0

Y (k)ζ k �
10∑

k�0

Y (k)ζ k � −0.642092

+ 1.4122829ζ − 0.906816ζ 2 + 1.0530211ζ 3 − 0.9784092ζ 4 + 1.0106204ζ 5

− 0.99519981ζ 6 + 1.0022733ζ 7 − 0.9989472ζ 8 + 1.00049349ζ 9 − 0.9997700ζ 10 (73)

This is very identical with Maclaurin Taylor series expansion of the exact solution

UExact (ζ ) � − 0.642092 + 1.4122829ζ − 0.906816ζ 2 + 1.0530211ζ 3

− 0.9784092ζ 4 + 1.0106204ζ 5 − 0.99519981ζ 6 + 1.0022733ζ 7

− 0.9989472ζ 8 + 1.00049349ζ 9 − 0.9997700ζ 10 (74)

And the absolute error between the exact solution and numerical solution using the DTM is:

Error � |Exact solution − DTM solution| �

⎡

⎢
⎢
⎢
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

0
0

5.55 × 10−17

1.665 × 10−16

1.665 × 10−16

4.1 × 10−17

2.22 × 10−16

3.469 × 10−16

3.053 × 10−16

6.1 × 10−16

1.55 × 10−15

⎤

⎥
⎥
⎥
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(75)

4.2 DTM solution corresponding to the achieved solutions by using the second family of ESEM

In this section, we compare between numerical treatment to the wave solutions of Eq. (13), and the exact solution of the same
equation according to the second family of the ESEM.

Using the values

k � 2, c � m � w � 1, ε � −1, n � −3

Equation (13) becomes

U ′′ + 2U − 2U 3 � 0, (76)

From Eq. (48), the exact solution of Eq. (76) with ζ0 � 0.3 and the initial conditions are:

U (ξ) � 1 + Exp[2(ζ + ζ0)]

1 − Exp[2(ζ + ζ0)]
.ξ � x + t ,U (0) � 1 + e0.6

1 − e0.6 � −3.43274,U ′(0) � 10.7837 (77)

Applying the differential transform method on the system (76–77), we get on

(k + 1)(k + 2)Y (k + 2) + 2Y (k) − 2F(k) � 0, (78)

where Y (k) the transformed function corresponding to the original functions U (ξ), and F(k) is the transformation for the nonlinear
term U 3 given in Eq. (71).

From Eq. (78), the recurrence relation is

Y (k + 2) � −2Y (k) + 2F(k)

(k + 1)(k + 2)
; Y (0) � U (0) � −3.43274, Y (1) � U ′(0) � 10.7837 (79)

Putting k � 0, in Eq. (79) we get on

Y (2) � −2Y (0) + 2F(0)

(1)(2)
� −37.0176

By the same way, we can get on the coefficients Y (k) and then the DTM solution of Eq. (76) with the initial conditions (77) is:

U (ζ ) �
∞∑

k�0

Y (k)ζ k ⇒ UN (ζ ) ∼�
N∑

k�0

Y (k)ζ k �
10∑

k�0

Y (k)ζ k � −3.43274
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Fig. 11 The graph of DTM solution U (x , t) Eq. (76) in 2D and 3D

+ 10.7837ζ − 37.0176ζ 2 + 123.477ζ 3 − 411.526ζ 4 + 1371.74ζ 5

− 4572.47ζ 6 + 15241.6ζ 7 − 50805.3ζ 8 + 169351ζ 9 − 564503ζ 10 (80)

This is very identical with Maclaurin Taylor series expansion of the exact solution

UExact (ζ ) � − 3.43274 + 10.7837ζ − 37.0176ζ 2

+ 123.477ζ 3 − 411.526ζ 4 + 1371.74ζ 5 − 4572.47ζ 6

+ 15241.6ζ 7 − 50805.3ζ 8 + 169351ζ 9 − 564503ζ 10 (81)

And the absolute error between the exact solution and numerical solution using the DTM is (Fig. 11):

Error � |Exact solution − DTM solution| �

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

0
0

4.44 × 10−16

1.33 × 10−15

7.1 × 10−15

1.13 × 10−13

9.09 × 10−13

5.45 × 10−12

1.45 × 10−11

8.73 × 10−11

2.32 × 10−10

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(82)

4.3 DTM solution corresponding to the solution achieved by using the PPAM

Now, we compare between numerical results obtained to the wave solutions of Eq. (13) and the exact solution of the same equation
using PPAM.

Using the values

k � 2, ε � c � m � n � w � 1,

Equation (13) becomes

U ′′ − 2U + 2U 3 � 0, (83)

This has exact solution given in Eq. (59) and its initial conditions given as

U (ζ ) � 1 +
e−2iζ

i
(

1 − e−2iζ

2i

)
+ 1

; ξ � x + t ,U (0) � 3 + 2i

1 + 2i
;U ′(0) � − 2i

1 + 2i
− 2i(3 + 2i)

(1 + 2i)2 (84)
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Fig. 12 The graph design of Real(U ) using DTM Eq. (87) in 2D and 3D

Applying the differential transform method on the system (83–84), we get on

(k + 1)(k + 2)Y (k + 2) − 2Y (k) + 2F(k) � 0, (85)

where Y (k) is the transformed function corresponding to the original functions U (ξ), , and F(k) is the transformation for the
nonlinear term U 3 given in Eq. (71).

From Eq. (85), we get on the recurrence relation

Y (k + 2) � 2Y (k) − 2F(k)

(k + 1)(k + 2)
; Y (0) � U (0) � 3 + 2i

1 + 2i
,

Y (1) � U ′(0) � − 2i

1 + 2i
− 2i(3 + 2i)

(1 + 2i)2 (86)

Putting k � 0, in Eq. (86), we get on

Y (2) � 2Y (0) − 2F(0)

(1)(2)
� 1.344 + 3.392i

By the same way, we can get on the coefficients Y (k) and then the DTM solution of Eq. (83) with the initial conditions (84) is:

U (ζ ) �
∞∑

k�0

Y (k)ζ k ⇒ UN (ζ ) ∼�
N∑

k�0

Y (k)ζ k �
10∑

k�0

Y (k)ζ k � (1.4 − 0.8i) − (2.24 + 0.32i)ζ

+ (1.344 + 3.392i)ζ 2 + (2.92693 − 4.70187i)ζ 3 − (8.47616 − 0.794453i)ζ 4

+ (8.81903 + 9.65666i)ζ 5 + (3.66858 − 19.7318i)ζ 6 − (27.5594 − 13.7631i)ζ 7

+ (42.3532 + 21.0202i)ζ 8 − (13.4391 + 71.3184i)ζ 9 − (74.9129 − 82.44i)ζ 10 (87)

This is the same result of Maclaurin Taylor series expansion of the exact solution

UExact (ζ ) � (1.4 − 0.8i) − (2.24 + 0.32i)ζ

+ (1.344 + 3.392i)ζ 2 + (2.92693 − 4.70187i)ζ 3 − (8.47616 − 0.794453i)ζ 4

+ (8.81903 + 9.65666i)ζ 5 + (3.66858 − 19.7318i)ζ 6 − (27.5594 − 13.7631i)ζ 7

+ (42.3532 + 21.0202i)ζ 8 − (13.4391 + 71.3184i)ζ 9 − (74.9129 − 82.44i)ζ 10 (88)

And the absolute error between the exact solution and numerical solution using the DTM is given from Eq. (87 & 88) (Figs. 12,
13).
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Fig. 13 The graph design of Imaginary (U ) using DTM Eq. (87) in 2D and 3D

Error � |Exact solution − DTM solution| �

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(89)

5 Result and discussion

Through our study, we discussed the IKE which is one of the famous and impressive integrable equations that related to the integrable
space curves motion via the two suggested semi-analytical methods which are the ESEM, the PPAM and the numerical DTM. New
types of the soliton solutions in forms periodic trigonometric function soliton solutions, parabolic function soliton solutions, singular
soliton solutions, W-like soliton solutions, M-like soliton solutions have been documented. The suggested techniques are used for
the first time for this target. The agreement between the obtained soliton solutions by the two suggested semi-analytical techniques
as well as the identical numerical solutions realized by the suggested numerical method is cleared. Few forms of obtained solutions
are consistent with that realized before with who studied this model by using various techniques [56–61], and the majority are new.
The new visions of the soliton arising through our discussion are beneficial for all related phenomena of the suggested model.

6 Conclusion

In our current study, two effective algorithms are used to construct new diverse types of soliton solutions to the integrable Kuralay
equation to investigate the integrable motion of space curves induced by these equations. It is also expected that we could have
a clear picture about these new soliton solutions to this model. These new soliton solutions have been established by using the
ESEM, the PPAM. Furthermore, the numerical solutions for all realized soliton solutions have been established in the framework of
the differential transform method whose initial conditions are derived from the achieved solutions. Some of the achieved solutions
in forms periodic trigonometric function soliton solutions, parabolic function soliton solutions, singular soliton solutions, W-like
soliton solutions, M-like soliton solutions agreement with that realized before by other authors [56–61] who studied this model by
using different manners and the majority are new. The agreement between the achieved soliton and numerical solutions has been
shown. Moreover, the stability of our achieved solutions is clear when we compared between successive ratios of the obtained errors.
The potentially, unlikely set of the achieved traveling wave solutions to the integrable Kuralay equation have been illustrated. All
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realized solutions are new and weren’t achieved before and will introduce diverse future studies for many effective phenomena that
are arising in different fields such as ferromagnetic materials, nonlinear optics and optical fibers.

Data Availability Statement The datasets generated during and/or analyzed during the current study are available from the corresponding author on
reasonable request.
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